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Computation of correlation functions within ABA

For |, ) a ground state of the cyclic SOS model for which n = 7,
<wg|0|¢g> 0:657 0—;7 6SE104101 "'En(:mam',

@ Diagonalization achieved by ABA Felder, Varchenko (1996) :
[{u},w) s+ @(s)B(u1;s)B(uz;s—1) ... B(up; s—n+1)|0) € Fun(H[0])

for which ¢(s) = w?® J’.':l [s[i]j] and with {u1, ..., uy}, solution of
[U/ —uj + 1] k —2 [Uj — u; + 1] )
a(uj) = = (=1)"w " d(y)) = j=1,...n,
’ g [ur — uj] ’ g [uj — u]

with N =2n+ kL (k € Z) and w" = (—1)" (for n = r/L).

@ To characterize |1, ) ~ this talk

© Quantum inverse problem solved similarly as for the XXZ spins chain

@ Single determinant representation for the scalar product between a Bethe
eigenstate and a Bethe arbitrary state (in particular for the norm, and for
the form factors)
~~ partial scalar product expressed as a sum of L terms because of the
dynamical parameter

© To take the thermodynamic limit (N — o) ~» this talk
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Ground states and thermodynamic limit

Ground states:
It is more convenient to work with conjugate periods 7j = — 2, ¥ = f%

HP H H imniu? ~ ~
@ Jacobi's imaginary transformation: [u] oc €™ 0;(x = fju; 7)

@ Logarithmic Bethe ansatz equations for ({x;}1<j<n, wx = exp(im™2)):

1 20 .
Npo(x;) ZU —X f27r(nj n; +m+L +27]Z></> <j<n
I=1

with po(z) = ilog % (bare momentum), ¥(z) = ilog 2 "*i (bare

61(7
phase), n; € Z.

@ When 7 is rational (7 = r/L), in the domain 0 < 1 <  and for
N — 400, all roots x; of the ground states, for which n = N/2 and
njt1 — nj =1, are real and densely fill [-1/2;1/2] with density p(x).

@ In the thermodynamic limit: 2(L — r) degenerate Bethe ground states,

labelled by quantum numbers k € Z /27 and ¢ € Z/(L — r)Z (Pearce,
Batchelor).

@ We now consider two ground states | {x = fju}, wx ) = | ky, € ),
Hy =divhw ) =Tk, &)
@ Sum rules for roots of Bethe ground states?
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Finite size corrections

Let f be a 1-periodic and C*°(R) function. If {x;j}1<j<, parametrizes one of the
2(L — r) ground states,

N Z i((og) = / f(z)p(z)dz + O(N™).

—1/2

If g is C*°(R) function such that g’ is 1-periodic,

1/2

NZgXJ / g(2) d2+*ZXJ+O

1/2

where ¢, = g(1/2) — g(—1/2).

~ this allows us to compute the sum rules while controlling finite size
corrections

o ({x}, k«,£x) and ({y«},ky,£,) two Bethe ground states

3o ) = b 2202 0) o,

with ke, k, € Z/27, and £y, 0, € 7./(L — r)Z.



Thermodynamic limit of the form factor

@ we want to compute the form factor at the thermodynamic limit. between
two ground states
<kxagx‘o—ﬁv‘k)’7€Y> — <k><vé><‘o—zm‘k}’a£)’> . <<k}/7‘€y ‘ kyvé}/>>1/2
(s [ oy ) (o by TRy N2~ (b Ry )\ (s | o )

M N

@ The norm is expressed as a single determinant representation of size n,
det, |®
N2 o [N({y}ﬂ
det,, |®({x})]
@ at the thermodynamic limit, the determinant with n = N/2 tends to
Fredholm determinants

det, [®({y})] = (=2rifiN)" ] ] p(11) {det [1+K— Vo] + O(N’m)}

with integral operators K and Vj acting on [-1/2,1/2] with respective

i 0! (y—z+7 0l (y—z—1
kernel K(y — z) = 5= {Higfzﬂ;; — eigﬂ,g]%} and Vo(y —z) =27

. 5 w 2n 2 Ly —Lx \ 2n
@ We eventually find N° = (—y) = (e T )

Wx

@ (kye,lx|om|ky,l,) expressed as a difference of determinants of size n
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Thermodynamic limit of the form factor

@ Similarly, M is expressed as a ratio of Fredholm determinants,

det[1 4+ (—1)"K + =G V] —det[1 4+ (—1)*K — =GV
det[1+ K — Vo

M x FO(N™™)

with k = k, — kx, and where V acts on [—1/2,1/2] with kernel £67(0)
@ computing these Fredholm determinants, we obtain the form factor in the
Bethe basis

( 1)k m 1 H (1 o 2 f)mafm)Z
2 - (1 + gm 2 — pmg—m)?

_ _ fis + 5 L+2£ L a)0l(0
o lim o Z e27rl(( )+7](¥ ( —r) ' ) 1() +O(N7m)
a—0 7T(L— r) 01(775)61(@ Jr()é)

s€sp+Z/LL

@ The parameter « is here to regularize the formula

@ this form factor depends only on the difference k = k, — k. and
¢ =1, — I of the quantum numbers.

@ If k =0, the form factor vanishes ~~ Bethe basis is not polarized.
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Spontaneous staggered polarization

@ a polarized basis is, for € € Z/2Z andt € Z/(L—r)Z,

e e S e R
© J2L-1) (k, 0]k €)1/
kO ’ :

(2) tends to the flat ground state configuration (t,t+ 1,t,t+1,...) or
(t+1,t,t+1,t,...) in the low temperature limit (7 — 0)

@ In this basis, the form factor is diagonal (spontaneous polarization)

+oo

~ ~me—m—t
et]0% €t ) = 8 B (—1)™ 1 -g” ( - p"q )
(etlon| 1) ¥ H R Ee )
+oo ~m o~ —
(1-p"g~"") m*‘) .
p— + O(N
A (L+pmg—mi) ( )

with p = €™, § = e*™ and sp = 2%]
@ with conjugate periods, it is equal to

(et of o) = (—ayee A7 O10) (5 o5)
' mm 94(0' 1) 94( nt. 1

~~ Proof of a conjecture by Date & al 1990 J. Phys. A: Math. Gen. 23 L163.



Multi-point Local Height Probabilities

@ For | e, t), one of the 2(L — r) ground states of the CSOS model
compatible with the flat configurations

@ The multi-point local height probabilities are defined as the
thermodynamic limit of,
Poy, am(Si6,t) = (6 t]GEXT L Eam®™| e t) (3)

for aj € {+, —}, ds(s) = s.s.
@ Probability that on the same vertical line of the lattice, the height takes
the successive values s, s+ a1, ..., s+ a1 +... + am.

@ (3) can be computed directly from the multi-point matrix elements
({u}, wu |0 E7 . ERmom[{v), w )

Fonon(Eilub o b o) = Ty THT o R o T )77

@ QIP expresses the elementary matrices as generators of the YB algebra
~~ acting on the right state, Po, ... o,, is expressed as sum of determinants
~~ sums over Bethe roots and inhomogeneities related to the action of
the Yang-Baxter algebra ~» sum over all the values of the dynamical
parameter (L terms) related to the partial scalar product formula

@ Simplest example: local height probability ( m =0)



One-point local height probabilities

@ We want to compute P(s; ¢, t) = (¢, t|ds|e,t)
@ Start from the one-point matrix elements of Js in the Bethe basis

({u}, wu 05| {v}, wv) <<{v},wv | {v},wv>)1/2
({vh o [{vhw) N({uhwo [ {u},w)

@ Recall that scalar product is defined as

<{U}~,wu|{v}awv>:% Y. #(s)els) Sa{uli{v}is)

sEsg+Z/LZ

with S,({u}; {v}; ) the partial scalar product
Sa({u}; {v};s Zq”sa" s0) det,, [QV)({u}; {v})], with

QA, ({u}i{v}) the scalar product matrix deformed by g = e*=2'™"
@ The one-point matrix element of s is expressed as a sum of L terms

({uh.wul 8] (vhwn) o= wd 12 s ) deta [0 ()i {v))
v}.we | V) ) H[uj—umz" T ) e (]

@ Convenient to insert the algebraic factor inside the determinant in order to
take the thermodynamic limit
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One-point local height probabilities

@ Introduce the matrix X' to simplify the algebraic factor, with arbitrary ~

(], = U§ [T [ — vl [vi — e+ 300 (o — vi) +9]
ke iy (ur = vi) + ] Tlslux — ul [vj — ] ’
such that
det, [X] = (—[0])" b1 [vj = vl

i (= vi) +9] S [w = ]’

° determina nt identity

H o =l gy, [Q1)] o detn [XQV)] o det, [HY)]
J

Jj<k - uk] !

o when ({v},w,) = ({u},w,), HY) - & for v #0
@ At the thermodynamic limit, for two ground states, the last determinant
with n = % tends to a Fredholm determinant

det, [HY)] — det [1+ K= 4 o)

F+IxI=lyl
where R)((Y) acts on [—%., %] with kernel Kx given by
. _ - _ .
K)((Y)(Z) _ 01(0) {ezmy 0i(z+ X ir i) o2y b1(z + X . 77)}
2 01(X) 01(z + ) 01(z — 1)




One-point local height probabilities

@ Bethe basis: matrix elements of ds at the thermodynamic limit
. oY) - o
B(s: ks i Ky ) ox T 21) £ 0 £,6) 37 ¢ 6 (s0)gs (k. )
v=0
with k =k, — ky, £ =0, — Uy, f5(k,£,s) and gz(k, £) ratio of 8 functions.
Polarized baS|s Local height probability is diagonal
@ for even L: B
~ e+s—todd P(s;e,t) = (e,t]ds|e,t) =0
~ €+ s —t even,

~ 04( T8 03 + 1 ; —0
P(s;e.,t):i&(ngftrs; jer) (- (04(0' %i—) ) + O(N™™)
@ for odd L
P(s;e,t) = }94({&7)93(2% G = =) + O(N~)
L 04(0; L7)0a( 2 ; L)
W|th5—5** t=t— 2%7

~~ same expresswns as Pearce & Seaton
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Multi-point matrix elements

@ Multi-point matrix elements in finite volume

_ Hupwu 0B Epmem | fv) wv) <<{v}7wv | {v},wv>>1/2
e (vl o [ {vhwv) N ({ud wu [ {u},wu)

@ QIP expresses the elementary matrices as generators of the YB algebra
~» acting on the right state, Po,,... o, is expressed as sum of
determinants (commutation relations + partial scalar products)

L1 det, [7—[(1_') ]
j : 2 : vs _(v) vi{bp}
O‘l--mﬂm (08 Gﬁl ,,,,, (’m {pr}7 {5}) X — q a’}’ (SO) detn[CD({v})] b

{bp}

@ GJ, . ., admits a similar algebraic part that the elementary blocks of the

XXZ chain + a dynamical part

e N — m columns of H"” are of the form of the 1-point matrix elements

(v)

"'{b }
determinant #-,

@ m columns of 7—[ are of “form factor type”

{b}
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Multi-point matrix elements

@ How to take the thermodynamic limit 7

det, [HS,I?%bP}} - det, [HSKV)}

- det, [H) 1Y), ]
det, [®] det, [®] ! i}
AV B

@ At the thermodynamic limit
~ A is equal to the 1-point matrix elements determinants, which tends
to two Fredholm determinants we already computed
~ determinant B = det, [Sfr'jgbp}} has a finite size m (length of the
correlation function)

@ Matrix elements of Si’igbp} can be computed explicitly at the

thermodynamic limit and are expressed with a “modified” density /"

@ Finally,

<kx,zx‘5s Elalul . Eqmerm |kY~,ZY> Z E
fe%1

<ky,zy | ky¢£y> =, Yo, Oém(S; {ybp}v{c})

L—1 (V) .
vs _(v) det, [HW ({X}v Wx; {y} w}/)} o)
LA T Loy e ]
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Multi-point matrix elements

@ Extracting a 1-point matrix element parts from S('{b }

@ Sums over Bethe roots become integrals such that in the Bethe basis, the
multi-point matrix elements looks like (with |z| — [(| = >, z: — ()

e |

P (8 ks i Ky ) /Hd4 [ T1e5 Gooalsif2),46))

C = 1
— cy ‘ I+ algebraic part

< Sm({z1:{C})  B(s,|z| — [Clik, ) +O(N™>), (4)

determinant contribution  deformed 1-point M.E.

@ Integration contours are such that C_ =[-1/2,1/2], C; =C_ UT({&}),

@ ground states dependance contained inside the deformed 1-point M.E.
P(s, |z| = [¢]; k, £) (analytical part). The latter is such that
P(s; kx, £x; ky, £y) = P(s,0; k, £) + O(N™=)

@ Representation of (4) is similar to the elementary blocks of the XXZ chain

@ The sum over the dynamical parameter (L terms) entirely contained inside
IF)(57 |Z‘ - 5 )

Correlation functions of the SOS model from ABA - CFIM-13




Multi-point local height probabilities

@ Polarized basis: oy
P(S7Z;61t) Zk 0 L - 1( 1)kL e T

@ only the analytical part |§ ch?nged (resummation is possible)

P, (s 611) o / I [ Tldz Gorroontsi 24D

&, J=le |41

() (s, Z: k, £)

Sm({z}:{C}) P(s, |z = [¢[s e, t) + O(N™).
@ MPLHP are diagonals: ground states sectors are frozen

f’(s,Z;gt)’ =0, with so—so+2,7€]R

L even
3. Sott 5, Zr. T
7) 0 Fi7) 63( L7r7ﬂ+7'r(L—r))

e+t+sy—s odd
P(s, Zie.1)| — 2¢m (215 :
Y éf\t’?:sofseven L94(0;%7)94(r(z°f+,t);L£,T) ,

‘94(%;7) 93((% - i)g_ (% - 2(L17r))(§0+t) -5+ %T; ﬁ)

L64(0; L7) 04(@; Li,r) 7
@ single m-fold integral as for the XXZ spin chain
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Conclusion and perspectives

@ Summary of the results obtained for the cyclic SOS model

* Determinant representations for scalar products/norms of Bethe
states/form factors in finite volume (Véronique's talk)

* representation as L multiple sums of determinants for the Multi-point
matrix elements in finite volume

* Study of the thermodynamic limit:
~~ Explicit result for the spontaneous polarization at the

thermodynamic limit
~~ single m-fold integral formula for the MPLHP

@ Further questions ...
* study of two-point correlation functions in the thermodynamic limit
% Unrestricted SOS model? (n € R)

* XYZ model?
~~ combinatorial complexity of Vertex-IRF transformation
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