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o More than a decade of steady progress in our understanding of correlation
functions of integrable models, chief example XXZ chain
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Finite temperature correlation functions for XXZ

R matrix and statistical operator

o R matrix (solution of YANG-BAXTER equation)

0 0

b(A,u) - c(,p)

c(hop) - b(A,p)
0 0

b(h ) = s
R(A,u) =

o O O =
- O O O

h
c(Au) = %

o For the exact calculation of thermal averages we need to express the
statistical operator e /T in terms of R(\,u)

o For this purpose we introduce an auxiliary vertex model with monodromy
matrix

1) = ¢ Ry (M. ) Ry, (—-4) - A (0 ) R (— 1)

j=—L+1,...,Land N € 2N. Here

2Jsh(n) h

P=—75", onT
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Finite temperature correlation functions for XXZ

Correlation functions

o Then
C*H/T = A}i_r)nwtriw{ T 141 (0) e TL(O)}

=Pn.L

o And expectation values are approximated as

() oy _ g Tt {pne0t”. 0
<O1 ~+-Om >N—L'ﬂ» Trrq1.c{pnL}
i T (T} {0 T(0)} . TH{OM T(0)} T "{T(0)} }
s Trr w{tPH{T(0)}}

(Wo| {0 7(0)} ... Tr{O™ T(0)}|Wo)
(Wo[Wo)A'(0)

where Ao (0) is the unique eigenvalue of largest modulus of the
quantum transfer matrix t(A) = Tr T(A) and |Wy) is the corresponding
eigenvector
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o We shall concentrate on longitudinal and transversal two-point functions,
-t
(6§67,44) and (670, 1)



Form factor expansion

Longitudinal correlations and generating function

o We shall concentrate on longitudinal and transversal two-point functions,
(0f07,41) and (07 Gy y)

o The longitudinal correlation functions can be obtained from a generating
function {g?*S(m)), where S(m) = Yo7

1
(67) = D (P )| L (00.) = DR (@S|

Dy, is the difference operator Dy, f(m) = f(m) — f(m—1)
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Form factor expansion

Longitudinal correlations and generating function

o We shall concentrate on longitudinal and transversal two-point functions,
(676714) and (07 Gy )

o The longitudinal correlation functions can be obtained from a generating
function (q2*(™), where S(m) = § L/, 67
(6%) = Do (PSS )| (050) = 5 DR (US|

Dy, is the difference operator Dy, f(m) = f(m) — f(m—1)

o [t follows from the general formula that

m NM 1
sas(m)y _ (Volt (0\“)\“’0) A

<q >N \UO‘WO /\m Z " (0|OC)

Here t™(0|o)|Wo) was expanded in the basis of Bethe states, and

W) (WE W) An(Mr)
Anl®) = (Gowoywee PN =15y

t(A|o) is obtained from t(A) by shifting Kk — K+ o
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o Taking derivatives we obtain
v4 v4 NM_1 zz 3 -3 2 m
(001w — (DT n = Y A7 (P —pa) P

n=1

In this expression we used the abbreviations
(Wo|Wh)(Wh|Wo)

_ 7z __ 1 2 —
Pn=pn(0[0), AT = ZonaAn(®)|y_o = (Wo W) (W, W)



Form factor expansion

Longitudinal correlations and generating function

o Taking derivatives we obtain

Ny 1 182
GG AR IE S - R
n=1
In this expression we used the abbreviations

(Wo|Wi) (WhWo)

_ zz __ 1 2 = - A 7
Pn=Pn(0[0), AT = S0nuAn(®)]o_q = (Wo|Wo) (W, W)

o 1> |p1| > |p2| > ... by construction. Expansion is the finite temperature
asymptotic expansion of the longitudinal correlation functions. The leading
asymptotics is determined by the first few terms. The correlation length of the
longitudinal correlation functions is

]
Injp1|”

€= (1)

The correlation length was studied in (TAKAHASHI 91, KLUMPER 93 etc.). So
far the amplitudes in were only studied numerically (FABRICIUS, KLUMPER
and McCoy 99) for finite Trotter numbers
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Form factor expansion

Transversal correlations

o Similarly we obtain a finite temperature asymptotic expansion for the
transversal correlation functions

Nu
(Oy Omein =Y. A "7
n=1

where

At (WolB(0)[Wn) (Wn|C(0)Wo)
" Aa(0)(Wo[Wo) Ao(0)(Wn|Wn)

o Bottom line: Thermal correlation functions can be expanded into series of
form factors of the quantum transfer matrix. Instaed of form factors of local
operators, form factors of ABA operators appear.
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Spectral problem of the quantum transfer matrix

Algebraic Bethe ansatz solution

o The monodromy matrix T(A) is a 2 x 2 matrix with matrix elements
A(L), B(L), C(X),D(L) € End(C5N). The quantum transfer matrix
Tr T(L) = A(M) + D(A) can be diagonalized by the algebraic Bethe ansatz:

[W,) = B(A)...B(A)[0)

is an eigenvector of the quantum transfer matrix if the Bethe roots ;,
j=1,...,M, satisfy the system

a(d)) M sh(h—Ac+m)

d(d) =i sh(d—2A—m)
ki

of Bethe ansatz equations. The corresponding eigenvalue is

M sh(L—2A;—n) M sh(h—2j+m)
M) =aM) [ “ohG-n) + d(k)g “ohG=%)
A left eigenvector of the quantum transfer matrix with the same eigenvalue is
<\|/,7| = <0|C(7\,1 ) .. C(?\,M)
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Spectral problem of the quantum transfer matrix

Nonlinear integral equations

o For every solution of the Bethe equations we define an auxiliary function

d(A) I"-/’I sh(A—2;+m)

M) =20 L sy )

=1
In the twisted case we write an(A|at).

o In the Trotter limit the functions a,(A) are uniquely determined by the integral
equation (KLUMPER 93)

In(ap(L)) = —(2x+ N —2M)n — Be(r) — /Gn % K(A—p) In(1 + an(,u))
Here we have introduced the kernel
KM =kKo(A), Ka(r) =g *cth(h—m)—g*cth(A+n)
which is the derivative of the bare two-particle scattering phase, and the bare

energy
e(L) = cth(A) —cth(A+n)
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Spectral problem of the quantum transfer matrix

Contour and functions p,

o The Contour C, (here n = —iY)

b ive  Me
. )Lh;
0
Cu
—-iy/2

o The functions p,(A|a) can be represented as integrals over the auxiliary functions

o) a2 Moo [ Bty L))}

1+ agp(u)

where A is located inside the contour C,. The number N/2 — M is the eigenvalue
of the conserved z-component of the pseudo spin n* = %):j’\’:1 (-1 )fcjz
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Form factors for lonaitudinal correlation functions

Amplitudes of the generating function

o Parameterized by Bethe roots

u pn(%j\a)]

An(o) = { —

" =1 p,,(,uj‘ot)
detr & — pn(f‘ila)g{ o detr & — PF‘(MOC)K N— A

ot~ wyfufa) Xk — 1)y detu (% — "y Kalhy — )
X , -
1 1
Here M= N/2,the A;, j =1,..., M, are the Bethe roots of the dominant
state, and the yj, j = 1,..., M, are the Bethe roots of an excited state of the
twisted transfer matrix t(A|c). The kernel functions are defined as
ela=1)(A=n)  o(a=1)(A+n)

K(A) =Ko(A), Ka(r)= sh(A—n) N sh(A+n)

(same as in BJMS 10)
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Form factors for lonaitudinal correlation functions

Trotter limit

o Prefactor
ﬁMj:a) :exp{— ﬂ In(pn(Ale))o, In(w)}

j=1 Polujla) » 2T 1+ao(A)

o The determinants are all of the same structure. Expanding e.g. the first
determinant in the numerator we obtain

L)) , Pn .“/|0‘
dﬁt{gk - WK_OL(H/ } ]Z; an ,Uj|(x) (0)
N P(pj|o) prukler) o Koa(0)  Koaly —p)
1<j<k<M an(ﬂj|oc) ag(ﬂkla) iK_O‘(’uk _'uj) :K_u(o)
1)k

i’: {H/ dm+(v,)}det{ﬂ< (Vi—vm)}

where we have introduced the ‘measure’

_dAipp(Ma)
—2mi(1 +ap(Ma))
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Form factors for lonaitudinal correlation functions

Trotter limit

@ Inthe Trotter limit N = 2M — o this converges to the Fredholm determinant
of the integral operator X_, defined by the kernel X_, the measure dm$
and the contour Cp,

Jim_det & — ,:E :Z; 7a(#/*ﬂk)}
o kT k
1+k;( 1) LJ/@ndmi(v,)} det{X (Vi —Vm)}
:d’%etenﬂ— Koo}

The other determinants can be treated in a similar way. We introduce the

measures
apy_ dhpy (Mo
M=) = 551 + a0 ()
am(y) = — 3 dmg(A) = dh

27i(1+ag(A))’ 2mi(1 4+ ap(A o))
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Form factors for lonaitudinal correlation functions

Trotter limit

o Then

ol =oo{ = [, 55 (o) (120 ) |

§ detdmﬁ.(?n{‘l —j%fq}detdmg?en“ —j%a}
detymg.c, {1 *i}detdm,en{1 *9A<}

for the amplitudes in the Trotter limit.

o The amplitudes are entirely described in terms of functions which
appeared earlier in the description of the thermodynamic properties, the
correlation lengths and the correlation functions of the model. These are
the auxiliary functions a, (KLOMPER 93), the eigenvalue ratios p,
(Boos, FG 09, JiIMBO, MIWA and SMIRNOV 09) and the deformed
kernel K¢, (BOOS ET AL. 07).
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Form factors for transversal correlation functions

Transversal case

o In the transversal case we consider

AHE) = (Wo|B(E)IWE) (WHIC(E)[Vo)
" An(Ela)(Wo[Wo) Ao(§)(WHIVE)

o We obtain the following formula in the Trotter limit

G, (8)GT (&)
(@' —qg'"%)(q*—qg~%)

x exp{—/@n ;T'}c: In(Pn(l\a))axln(%)}

detdmﬁ,en“ - R1 —a}detdm%,en{1 - R1+oc}
detdmg’en{'l — R}detdm’en{‘l — R}

AT ()=
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o Here, for s = =+, N .
G = lim G, (A,
@)= Im G (h8)

and Gs(A, &) is the solution of the linear integral equation

Ga(M.E) = —cth(h— ) + ¢ p3(Ela) cth(A — & —1)
+ [ dmE(Gs(108) K-~ 1)



Derivation of form factor formulae

Longitudinal case

o The derivation of the form factor formulae is based on the scalar product formula
(SLAVNOV 89)

(01C(1)..- Clum)B(hw) . B )[0) = (0] C(M1) ... COhn)Blun) ... Bl )|0)

o 1 ]detM(e(kj—#k)—e(#k—kj)an(ﬂk))
!

H a(y;)d()) H
o) detu (Sh(l:—ﬂk)>

]7
Here the A;, j =1,..., M, are a solution of the Bethe equations and a, is the
associated auxiliary function. The ; in this formula are free. They may or may not
be a solution of the Bethe equations. In particular, we can take the limit u; — A;
and obtain the ‘norm formula’ for Bethe states

(V| W) {Hd }det{ﬁj —((17)”’(7;3”}
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Derivation of form factor formulae

Longitudinal case

o The derivation of the form factor formulae is based on the scalar product formula
(SLAVNOV 89)

(01C(1)..- Clum)B(hw) . B )[0) = (0] C(M1) ... COhn)Blun) ... Bl )|0)

M
1 dety (e(Aj — ux) —e(uxk — Aj)a
= [T atw) MH o ] m(e( — uk) (1#k j)an(ux))
= " de‘“”(ish(x/—yo)
Here the A;, j =1,..., M, are a solution of the Bethe equations and a, is the

associated auxiliary function. The ; in this formula are free. They may or may not
be a solution of the Bethe equations. In particular, we can take the limit u; — A;
and obtain the ‘norm formula’ for Bethe states

Ky =)
(Wn|Wp) d(h det 8’ -
W h] } e{ an(dy)
o Task: take Trotter limit N — co. Norm formula good, scalar product formula not yet
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Derivation of form factor formulae

Longitudinal case

o Scalar products between two different Bethe states are generally vanishing. But if
we consider e.g. the dominant state |Wo) wth Bethe roots {A;} and a twisted
Bethe state |W%) with Bethe roots {ux } we can rewrite the scalar product as

(WWo) = qud(kj No(uj)et ™ }det{&j - p?(*ot(ﬂ}

=1 (o) (o)
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Derivation of form factor formulae

Longitudinal case

o Scalar products between two different Bethe states are generally vanishing. But if
we consider e.g. the dominant state |Wo) wth Bethe roots {A;} and a twisted
Bethe state |W%) with Bethe roots {ux } we can rewrite the scalar product as

(W% W) = and(xj No(u;)e~ }det{y _If(ﬂM}

=1 (o) (o)

o From here we recover the norm formula by setting A; = u; and sending « to zero.
Interchanging As and us we obtain the four factors occuring in the amplitudes
(Wo W) (W7 Wo)

Anl®) = (o [wo) (VE W)
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Derivation of form factor formulae

Longitudinal case

o For the derivation we introduce the ratio of Q-functions
M sh(A— )
o) =[] =75
( ) g Sh(?\,— 7\./)
o It satisfies the two identities
O(uk =)0~ (uk +M) = —g **ao(uk)
O (1) (a0 (=) — g%~ (1 +m)) = ;' (o) iy (s x)

which follow from the Bethe ansatz equations for the ux and from Baxter’s
TQ-equation
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Derivation of form factor formulae

Longitudinal case

o For the derivation we introduce the ratio of Q-functions

M sh(h— )
oM =] m .

J=1

o It satisfies the two identities
O(uk =)0 (uk +M) = —q **ao(uk)
O (1) (% (5 —m) — %0 (i +M)) = p, " (w00t (o0

which follow from the Bethe ansatz equations for the ux and from Baxter’s
TQ-equation

o Interms of ¢

M d(w) (Wiwo) Moo B
LIJ d(x/)} (wilwg) LQ‘D (uak n)}
res 0(hx) ) detur{e(hy —sue) — (e — dy)ao(iae)}

) dﬁt{ sh(uj — k) } detm { &,y (j]0) — K (i — ) }
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Derivation of form factor formulae

Longitudinal case

Now the result follows by means of the norm formula and a trick which appeared in
similar form in KITANINE, MAILLET AND TERRAS 99:

M e}w* G 1,
{H q—a¢—1 (,Uk _n)} dlst{ M } dﬁt{e(kl- —,uk) — e(,uk - kj)ao(uk)}
j=1

sh(uj —2Ar)

ehet
{ et Hreso(Ar) } det{q %0 (e —n)e(he — ) + %0 (e +7)e(etx —A)}

—W sh(uj — )
A=y
—aerd [ o T (0 e )+ a0 G el 1) |

m | Je 2mi sh(y; —A)

§ o1 ) g't g
= det o (ilo)a, (pijo) — +
M{ kPn - (jlo)an(ujlor) sh( —ttx —™) sh(ﬂ/*#ﬁﬂ)}

The contour C in the second equation is chosen in such a way that all Bethe roots kj,
j=1,...,M, are included, but uj,ux and ux £1 are excluded. The integral can be
calculated, since the integrand is an in-periodic function of A which decreases to zero

as ReA — +oo
4.9.2013 21/26
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Derivation of form factor formulae

Remarks on the transversal case

o Derivation more involved in the transversal case

Ay () =F-(O)F+(8)

where
Fo(E) = (WRlC(8)[Wo) _  (0C(u1). .. Cum—1)C(E)B(Aum). .. B(A1)[0)
* No(E)(WRIVE)  Ao(E)(0|C(u1). .. Clum—1)B(um—1) - . B(u1)[0)
F (&)= (Wo[B(E)|IWR) _ (0]C(A1)...C(Am)B(E)B(um—1) - .- B(u1)[0)

 Ma(®)(WolWo)  An(§)(0IC(M)... C(Aum)B(Aw) .- B(A1)]0)
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Derivation of form factor formulae

Remarks on the transversal case

o Derivation more involved in the transversal case

Ay () =F-(O)F+(8)

where
Fo(E) = (WRlC(8)[Wo) _  (0C(u1). .. Cum—1)C(E)B(Aum). .. B(A1)[0)
* No(E)(WRIVE)  Ao(E)(0|C(u1). .. Clum—1)B(um—1) - . B(u1)[0)
F (&)= (Wo[B(E)|IWR) _ (0]C(A1)...C(Am)B(E)B(um—1) - .- B(u1)[0)

 Ma(®)(WolWo)  An(§)(0IC(M)... C(Aum)B(Aw) .- B(A1)]0)

o Clearly we can use the scalar product formula for |Wg) being a Bethe vector. It
implies, in particular,
VWA F
F_({;) _ < n| n> +(Y;)

(&l (Wo|Wo)

Hence, enough to calculate F.y (§). Then, however, the result for the amplitude is
not of symmetric form
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Derivation of form factor formulae

Remarks on the transversal case

o If we want to use the scalar product formula for [W%) being a Bethe vector in

F (&)= (Wo[B(E)IWE) _ (OIC(M). .. C(Am)B(8)B(um—1) - - B(u1)|0)
- An(E)(WolWo)  An(E){0]C(M1)...C(Am)B(Am). .. B(A1)[0)

we have to move B(&) through the product of C operators in (Wg| to the left using
the Yang-Baxter algebra relations. This produces a double sum

M1

&)= 3, )alhr)elie el )
L b g 7 O COOIVE)
. [kll b(M?»k)Hg ] R

P Kketl,m

where Ayr1 =&
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Derivation of form factor formulae

Remarks on the transversal case

o If we want to use the scalar product formula for [W%) being a Bethe vector in

F (&)= (Wo[B(E)IWE) _ (OIC(M). .. C(Am)B(8)B(um—1) - - B(u1)|0)
- An(E)(WolWo)  An(E){0]C(M1)...C(Am)B(Am). .. B(A1)[0)

we have to move B(&) through the product of C operators in (Wg| to the left using
the Yang-Baxter algebra relations. This produces a double sum

M1

&)= 3, )alhr)elie el )
L b g 7 O COOIVE)
. [kll b(M?»k)Hg ] R

P Kketl,m

where Ayr1 =&
o Here we can use the the scalar product formula in the last term under the sum
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Derivation of form factor formulae

Remarks on the transversal case

o After a slightly cumbersome calculation

eI g (et detM{S/,'(fpcfi)(%"g)K1+a(kj7kk)}

F-(&)= H]Ai1 d(?»,-)e"fp,71 (Aj]or) detM{a’( - WKO"/ - 7\.;()}
) ) G- (.E)0() - G_(1E)o())
x /endm_(X)e}”/endm_(.u)e” sh(h—p—m)
where

G-(A,§) = —cth(A—&)

+q 7y (Eloen(h & =)+ [ dm ()5 (=G (1E)

o(h) =1+ [ dm (K a(— ()

o Prefactor cancels unwanted part of prefactor in Fy (&)

o Double integral stems from double sum on previous slide

Frank Gohmann (BUW — FG Physik) Thermal form factors for XXZ 4.9.2013 24/26



o Factorization occurs

G-(M8)o(u) — G- (1, 8)o (M)
sh(A—u—mn)
3 %G1 ()
-~ (q*—g ) (g*HT —g )

/e am ()t /@ ()

where
G-(A,§) = —cth(A &)

o " (Fogeh(A—E—m)+ [ am™ () G (4. E)asr (4—2)



Summary and Outlook

Summary and Outlook

o We have derived expressions for thermal form factors of the XXZ chain in the
Trotter limit

o These determine the amplitude in the asymptotic expansion of the
correlation functions at finite temperature

o The formulae for the amplitudes seem to have a universal form which
inspires speculations about the matrix elements of composed local operators
(like (Wo|B(E1)B(E2)|WY) corresponding to 65 65 )

o We can extract the leading high-temperature behaviour and the critical
behaviour at T — 0 from our formulae

o The results have potential applications in the calculation of the static
structure factor of the model and in the study of temperature driven
cross-over phenomena

Based on joint work (JSTAT 2013 P07010) with MAXIME DUGAVE (Wuppertal) and
KARoOL K. KozLowskil (Dijon)
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