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Introduction

Example 1 (2D Ising model)

Diagonal two-point correlation function
Dy = (a(0,0)a(N, N)) 17,

is a Painlevé VI 7-function [Jimbo, Miwa, '81]:

=(1- t)NT2 7(t)

More explicitly:

, 0 to! — o o + 2N171
(t(t - l)o'”) = —2det to' — o NTZ (t— 1);7’ -0
0'+2N71 (t—1)o' — 0o N7

@ relation between 7 and o: o(t) = t(t — 1)% InT

@ temperature parameter t = (sinh 2K sinh ZICy)*Z, 0<t<1
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Introduction

Example 2 (exponential fields in SG theory)
Two-point correlator

D(mr) = (¢"* (0)'? (1))
is a Painlevé Il 7-function [SMJ '79, Bernard-Leclair '94]:

’

D (2\/2) S edr(t),

d .
so that o(t) = t& In 7 satisfies

1

(ta’l)2 _ (4 (g'l)2 _ 1) (0 —to!) + (v — V,)z (U, N 5)

@ long-distance behavior:

sin v sin ! e2mr

D(mr)=1-—

[L+o(1)]

27 mr
@ short-distance behavior:

D(mr) = A(v, ") (mr)2w/ [1 4+ CPT corrections]
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Introduction

Painlevé equations:
@ classification of 2nd order ODEs without movable critical points
@ non-autonomous hamiltonian systems

@ confluence cascade PIV

PVI = PV PIl = PI

Solutions: bt

@ classical special functions

Hermite

/7

2F1 = Whittaker Airy = &

~

@ elliptic for PVI Bessel

@ algebraic

@ transcendental (almost all solutions!)
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Introduction

Painlevé VI:

Standard form:

d?w 1(1+ 1 )(w) < n 1 )dw+
a2 2\w  w-1 W—t d t—1 w—t/) dt

2 —1)(w — 0 02t—1 1/4—02)t(t —1
L N (V. (= P CLELIL D)
t2(t—1) (w—l) (w—1)
Sigma form:
1 " 2 _
—§<t(t—1)a ) =
262 to! — o o' + 02 + 62 + 62 — 62,
= det to! — o 202 (t—1)o’' — 0o
ol +03+07+62 02, (t—1)o' —o 202
@ 3 critical points t = 0,1, c0
@ 4 parameters 0 = (6o, 0¢,01,00)
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Painlevé/CFT correspondence

Painlevé VI and isomonodromy

PVI describes monodromy preserving deformations of rank 2 linear systems on P!
with 4 regular singular points 0, t, 1, co:

9 A, A= A A

dz z z—t z—1

@ matrices A, are 2 X 2, traceless, with eigenvalues +6,
def
@ Ap+Ar+ AT — Ao = diag {—0oo, 00 }

@ 3 monodromy matrices Mo ;1 € G = SL(2,C) (note Moo MM Mg =1)
@ monodromy manifold M = G3/G, dimM =6

Yo Ye T Yoo
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Painlevé VI and isomonodromy

N mula and beyond
Painlevé/CFT correspondence »

Painlevé VI and isomonodromy (continued)

Schlesinger equations:

dAy  [At, Ao dA;  [At, A1]
dt t dt t—1
@ Lax form = 6p,t,1,00 are conserved

@ remains 2 degrees of freedom (recall that A + A; + A1 = —As)

° <ﬂ + At + Ay ) = k(£)(z — w(t)) = standard form of PVI for w(t)
z z—t z—-1)

z(z—t)(z—1)
Derivation of oPVI [Hitchin, '97]:
@ define

f=trApA:, g=trA1A:, h=trAg[As Ai]
@ then for 0 = (t — 1)f + tg we find 0/ = f + g and t(t — 1)o” = —h
@ but for any 2 x 2 traceless Ag ;1

tr A2 trAgA:r  trAgA
(tr Ao[Ar, A1])? = —2det | trAdp  trA?  trAA
tr A1 Ag  tr A1 A tr A%
@ and from tr. A2, = tr (Ao + A: + A1)? we can find tr AgA;
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Painlevé/CFT correspondence

Painlevé VI and isomonodromy (continued)

Sigma Painlevé VI:

s 29[2) to! — o U’+03+03+0%70g0
(t(t — 1)0”) = —2det to' — o 207 (t—1)o' —0
J/+9§+9?+9579§c (t—1)o' -0 20%

to any solution corresponds (the conjugacy class of) a triple (Mg, M, M1)
pv = 2cos 2w, = tr M, (with v =0, t,1,00) give four PVI parameters

remaining two coordinates = integration constants

introduce py,, = 2cos27moy, = tr M, M,, then [Jimbo, '82]
PotpLtpPo1 + Par 4+ P + Pa1 — wotPor — Wiep1r — worpor +wa —4 =0, (1)
where wy = p2 + p? + p? + p2, + poptp1Poo and

wot = PoPt + P1Poc, Wit = P1Pt + PoPoc;, W01 = PoP1 + PtPoo

The triple o satisfying (1) can be interpreted as a pair of PVI integration constants.
Our task is: given o, to obtain the corresponding solution.
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VI and isomonodromy
formula and beyond

Painlevé/CFT correspondence

Jimbo’s formula ['82]

@ expresses the asymptotics of 7(t) as t — 0, 1, or co in terms of monodromy

@ e.g. for t — 0, denote o = gg; and choose 0 < |Reo| < %

@ also denote A, = 95 (v=0,t,1,00) and Ay = o2 then

7(t) = const - (tAU*AO*A‘ + CoqtBox1=B0=At | smaller terms) ,

with
Cori— r2 (1 20) H F1+4+ebg+0:+0)l(1+ eboo +01:|:0)><
T x20) M T 00 + 6 F o) T (11 cloo + 01 F 0)
(65 — (6: 7 0)?) (65 — (61 F 0)%) 1
X 2 (7501’) )
402 (14 20)
and
55&1 (cos2m(0: F o) — cos 2mwly) (cos 2w (01 F o) — cos 2mhos) =
= (cos 270; cos 2701 + cos 20y cos 2mloo £ i sin 2wo cos 2wop1) —
— (cos 2y cos 2701 + cos 270y cos 2whoe F i sin 270 cOS 2T01¢) eT2mio,

@ higher-order corrections can be determined recursively from oPVI (in principle)
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Painlevé VI and isomonodromy

Painlevé/CFT correspondence paolstionualenibeverd

General case

\

Higher order corrections

7(t) ~ tho R A (1 + B1(8,0)t+ . )
+Cﬂ:1 tAo:tl_AO_At

with
Bi(0,0) = (A — Ao+ Ar)(As — Ao + Ap)

20, ’
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€ VI and isomonodromy
rmula and beyond

Painlevé/CFT correspondence

Higher order corrections

7(t) ~ tho R A (1 + B1(0,0)t+B2(0,0)t%. . ) +

+Cyq thor1—Ro—A: (1 +BE(6,0)t + .. ) + CuotBot2—DBo—A: (1 .. )

with
Bi(0,0) = (As — Do+ At)(As — Ao + A1)7
20,
B(6,0) = Bz = 80+ A)(As — 8o + A+ 1)(Ar — Boo + A1)(Bo ~ A + 81 +1)

40, (205 + 1)

[(1 +20,) (Do + Ar) + D (Dg +1) — 3(Ag — At)2] [(1 +20,) (Aoo + A1) + Do (Bg +1) = 3(Aoe — A1)2]
+ 220, +1) (40, — 1)2 ’

BE(0,0) = B1(6,0 + 1).
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€ VI and isomonodromy
ula and beyond

Painlevé/CFT correspondence

Higher order corrections

7(t) ~ tho R A (1 + B1(0,0)t+B2(0,0)t%. . ) +

+Cyq thor1—Ro—A: (1 +BE(6,0)t + .. ) + CuotBot2—DBo—A: (1 .. )

with
Bi(0,0) = (As — Do+ At)(As — Ao + A1)7
20,
B(6,0) = Bz = 80+ A)(As — 8o + A+ 1)(Ar — Boo + A1)(Bo ~ A + 81 +1)

40, (205 + 1)

[(1 +20,) (Do + Ar) + D (Dg +1) — 3(Ag — At)2] [(1 +20,) (Aoo + A1) + Do (Bg +1) = 3(Aoe — A1)2]
+ 220, +1) (40, — 1)2 ’

BE(0,0) = B1(6,0 + 1).

Observation. PVI tau function is a linear combination of ¢ = 1 conformal blocks:

T(t) =) Cathotr=B0"AB (6,0 + n, 1)
neZ

0; (o+ n)2 [

Graphical representation of B (8,0 + n, t):
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€ VI and isomonodromy
rmula and beyond

Painlevé/CFT correspondence

Higher order corrections (continued)

Bs(6,0) = (A — Do+ At +2) (A6 — A + A1 +2)
3 20, (40, — 1) (Ay — 1)

x{(8A§75AU+3)(AU7A0+At)(Ag7A0+At+1)(Angoc+A1)(A07AOC+A1+1)

—4(9A2 — 4N, +1) (Ay — Do+ At) (Ag — Do+ Dr + 1) (A — Moo +24,)
—4(9A% — 40, +1) (A — Aso + A1) (Ao — Aco + A1 +1) (A5 — Ao +2A¢)
+8 (6A% +11A2 — 6A, +1) (Ag — Do +2A¢) (Ag — Ao + 2A1)}
N 1

60, (Ay —1)?
+ (A — Do+ 3A¢) (As — Ao + A1) (As — Do + A1+ 1) (Ag — Ao + A1 + 2)
+ (Do — Doo +3A1) (Ag — Do+ At) (Ag — Do+ At +1) (Ag — Ag + A¢ +2)

—2(As + 1) (Av — Do +3A¢) (As — Do +2A1) (Ay — Do + A1 +2)

{(A%, + 305 +2) (Ag — Ao + 3A¢t) (Ag — Ao + 3A1)

—2(As +1)(As — Aoo +3A1) (As — Do +24¢) (Ao — Do + At + 2)}

@ more terms can be checked using computer algebra
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dromy

Painlevé/CFT correspondence

General isomonodromy problem

Rank N linear system with n regular singular points a, ..., a, on PL:

n
Ay
0.0 =A(2)d,  Alz)=)
—z—a
@ normalization ®(z) = 1y
@ no singularity at co = >7_ A, =0
@ A,’'s assumed to be diagonalizable: A, = QV’TVQJI with some
T, = diag {)\u,l, ceey >\1/,N}
@ introducing J(z) = 19,9 = ®~1A(z)®, expand $(z) around z = z:
(z— zo)2

2 + ...

®(z = 20) = Iy + T (20) (z — 20) + (T(20) + 0T (20))

@ expansions near singular points:
D(z—a) =G (2)(z—a)v Co

o G, (z) is holomorphic and invertible in a neighborhood of z = a,, and
satisfies G, (av) = Gu
e C, are connection matrices; monodromy matrices M, = C;le27”TVCu
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and isomonc

N n mula an
Painlevé/CFT correspondence

General case

Painlevé VI

General isomonodromy problem (continued)

Deformation equations:

20— Z A
8 0=—-—"—" """ o,
Z0—ay Z— ay
O ® = — A(z0) .
o J(z) remains invariant under isomonodromic variation of zy !

Schlesinger equations:

Zp — av [-A,u» -Au]

BaMAyzii, uw# v,
zg—ay auy — av
8au -Az/ - - 7[.’4“7./4”]1 8zo-Au = — 7[AW AV] .
nHv dp —av nFV 20 = ap

Tau function:
dinT =" trAuA, din(a — av).
p<v
@ 7 does not depend on zp thanks to

t v 1
OnuinT = 3 SLEE = e, 1 7°@)

a, —a
v H Y
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Painlevé/CFT correspondence

Global conformal symmetry

How does 7 trasform under f(z) = az+h ?
yz+ 46

Example (three points): dInT can be explicitly integrated to

‘r(al, an, 83) = const - (31 - 32)A3_A2_A1 (31 — 33)A2_A1_A3 (32 - a_?,)Al_AZ_A3 R

with A, = %tr.A?, and v = 1,2, 3. Expression for 3-point function of quasiprimary
fields with dimensions Aj 23 in 2D CFT !

Proposition: One has
n

—A,
m(f(a) =[] [f' (a)] ™" 7(a)
v=1
B It suffices to consider infinitesimal transformations generated by (A + Bz + Cz2) 0z
= check three differential constraints

> 0., InT=0,
v

> (aw0a, InT+A,) =0,

v

Z (a20., InT +24,a,) = 0.
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Painlevé/CFT correspondence

Ansatz for ¢
Fundamental matrix solution ® is completely fixed by its monodromy, normalization
and singular behaviour (choice of logarithm branches £, = ¢t = % InM,).

Starting point (cf [Sato, Miwa, Jimbo, '79]):

(O, (a1) ... Or,(an)pi(20)pk(2))
(Ory(a1) ... Or,(an)) ’

®j(z) = (z — 20)*° jok=1,...,N.

Assumptions:
@ {Or,} {@;} {¢«} are primary fields in a 2D CFT
@ OPEs of ¢'s with ¢'s contain 1 = same dimensions A

@ normalization
- —2A
Bj(20)pk(2) ~ (2 = 20) 7" Ojk-
@ dimensions of all other primaries in this OPE are strictly positive integers

@ complete OPEs of monodromy fields with auxiliary ones:
n oo
Or,(@)e(2) = 3 ((2=2)%) 30 O, jalan) (2 =)',
j=1 =0

If one finds a set of fields with all mentioned properties, the correlator ratio will
automatically give ®.
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Painlevé/CFT correspondence

Tau function
Compute two more orders in the OPE @;(z0)wk(2):

Bj(20)pk(2) = (z — 20) 72 [(Z‘k + Ji(20) (z — 20) +

(z — 20)?

+(% T(20)0j + (0Jjx)(20) + Sjk(20)> 5

+0((z - )]
@ 1st order: no descendants of 1, new primary J
@ 2nd order: level 2 descendant of 1, level 1 descendant of J, new primary S

Comparing with

2
Oz = 20) = I+ T (2) (2~ 20) + (7(20) + 07 () 2

one can identify

(O, (a1) .- Or,(an)d(2))
(O, (a1) -+ Og,(an))

(O (a1) ... Oz, (an) T(2)) ANA
(Ory(a1) ... Og,(an)) ¢

J(z) =

tr 72(z) =
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Painlevé/CFT correspondence

Tau function (continued)
But 0,5, InT = % res z—j,, tr J2(z) and

o . Of,(an)T(z A,
: féil()al) . .ﬁéfj()an)g -3 { (= 8 P e 2 o <O£1“’1)"'0£~(an)>}

v=1

which implies

2NA

T(a) = <O£1 (31) e (’)Cn(a,,)> <

@ in particular, for c = 2NA we have Ay = %tr.A%
Example [SMJ, '79; Moore, '90] (N free complex fermions {1/_11} {¥«})
@c=2-N- % current ij = (?/_JjTZJk), T = %Zk [(&k 8¢k) - (87/_1;( Q/Jk)}

@ monodromy fields obtained by bosonization

P =: e Ok e =: ek
cel(Pk—)) .
e D JFE K 1
yo= T=_=
Jik {i8¢k, _ 5 > (94 01 ,

k
O, = e Sruk)

@ need N distinct bosonization schemes
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and isomonodromy

Painlevé/CFT correspondence

Back to isomonodromy problem

tr A i
Decompose A, ’s as A, = rN Y 1y 4+ Ay, then

Pa(z) = H( Q) o ® 4(2),

20 — avy

1 tr A,
Ta(2) =5 30 7 I + T 4(2)

ra(a) = [T (ou — a) 5 (o).

n<v
Example (continued)

N complex fermions = (1) & su(N);
Fermion and monodromy fields factorize

Ti= e /N g 5y, Y= /YN @ gy,
itr Ay b
Or,=:e VN °:® 04

v

N—-1 A
@ dimension A = SN of {¢r} and {Px} agrees with cqny, = N —1

@ dimension of O is equal to %tr.ﬁ%
@ tracelessness of A(z) corresponds to factoring out the @i(1) piece
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Painlevé/CFT correspondence

Conclusion: Isomonodromic tau function can be interpreted as a correlation function
of primaries with dimensions A, = %tr.AlZ, ina CFT with c =N — 1. J

Remark. For N = 2 the dimension A = 1 of ¢’s and @'s corresponds to states
degenerate at level 2, and the dimension 1 of {Jj} is degenerate at level 3. Hence the
correlators

P =(Or,(a1) - Or,(an)pj(20)k(2)),
Qi =(O0c,(a1) - .- Or,(an)Jik(2)),

have to satisfy linear PDEs of order 2 and 3, fixed by Virasoro symmetry.
Proposition. Under assumption tr.A4(z) = 0, the matrices
P=(z—2)"2r0, Q=r10"19,0,

satisfy

1 1 1 Ay
azzp = az + + aa,, + 7),
{zzo 0 4(2720)2 Z<23u (zau)2>}

v

1 Ay 1 2A,
02:0=14a3 [ —— a4+ —"2 0. +2 By + Q.
wz { ;<z—ay vz (z—ay)2 Z) ;((z—ay)2 ? (z—ay)3>}




and isomonodromy
mula and
e

Painlevé/CFT correspondence

Painlevé VI

PVI tau function is a 4-point correlator of monodromy fields,
7(t) = (O, (0)O,,(t)Or, (1)O, (o0)),

and these fields are Virasoro primaries with dimensions A, = 62 in a ¢ =1 CFT.

@ “conservation of monodromy” = {¢x} should have monodromy M; Mg around
all fields in the OPE of O, and O,

5277i0'0t 0
0 e—2mioot

@ if MMy = C[;tl ( > Cot, then it is natural to expect that

the set of primaries in the OPE of O, and O, consists of an infinite number
of monodromy fields OL(“) with n € Z and
ot

(n) _ p—1( Ooc+n 0
Ly, =Cy, ( tO oo — >COt

@ inserting the OPE O, (0)O,,(t) into the correlator gives

T(t) =) CutBotn R R B(0,5 4 n,t)
neZ
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Painlevé/CFT correspondence

General case
Painlevé VI

Computation of conformal blocks

@ direct (inversion of the Shapovalov form)
© recursion relation [Zamolodchikov, '84]

© combinatorial representations, conjectured in [Alday, Gaiotto, Tachikawa, '09]
and proved in [Alba, Fateev, Litvinov, Tarnopolsky, '10]
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Painlevé/CFT correspondence

Painlevé VI

Structure constants

Jimbo's asymptotic formula can be interpreted as a recurrence relation

Cot1 2 (1F2(o0r + n)) I (1+ €0 + 0 + (00 + n)) T (14 €0 + 01 £ (00t + 1))

C,  T2(1=£2(o0: + n)) E:iI'(l+et9o-‘,—(9t:1:(<70t—l—n))l'(l—i-eeoo+011F(Uot-|-n))

(62 — (6¢ F (00t + n))?) (62, — (61 F (00t + n))?)
4 (o0t 4+ n)? (1 + 2(00: + n))?

X (7sot):tl

with the solution in terms of Barnes functions

[Tecrms G(L+6: + efo + € (00e + 1)) G(1+ 61 + b + € (0t + 1))
G(1+2(o0t + ) G(1 — 2(00: + n))

Cn (0, 0) = sg;
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VI and isomonodromy
formula and beyond

Painlevé/CFT correspondence il

Gener: e
Painlevé VI

Main claim

Complete expansion of Painlevé VI tau function near t = 0 can be written as
2 2 2
7(t) = const - Z Cn (0, o) t(70 M =% =0, (g 50, + n; t).
n€Z

The function B(0,0; t) is a power series in t which coincides with the general c =1
conformal block and is explicitly given by

B(8,0:t) = (1— )% 3" By, (6,0) tAHIH]

A,ueY
(Oc+o+i=)?—8) (01 +0+i-j)?—6%)
By, (6,0) = ; o
(i.))EX h2 (i, j) ()\J(—i+u,_j+1+20)
((et_0'+i_j)2_9%) ((91—U+i—j)2—9§0)
X ] .
()en #(i,d) (= i+ X —j+1-20)

The structure constants {C,, (6, o)} ez can be written in terms of Barnes G-function,
[T et G(1+6: + €60 + € (00t + 1)) G(1 + 601 + efoc + € (00: + 1))
G(1+2(oot + n)) G(1 — 2(o0t + n))
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Painlevé/CFT correspondence

Painlevé VI

Remarks

@ checked about 30 first terms in the asymptotic expansion of 7 (up to level 10,
~ 500 bipartitions) in full generality

@ to prove rigorously, it is sufficient to demonstrate two bilinear relations
satisfied by ¢ = 1 conformal blocks

@ expansions at 1, co are obtained by parameter change;
for example, near t =1

0 < 01, oot < O1t, Po1 = wo1 — Po1 — PotPlt-

@ series representations suitable for numerical evaluation of PVI functions
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0o 0.501790 + 0.216884/

0t . 0.382251 + 0.723641i oo \ _ [ 0.837497 + 0.943080i
01 - 0.152700 + 0.358959/ |’ o1e )~ \  0.411398 + 0.480375/
0o 0.158518 + 0.674992/
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and isomonodromy
mula and ond

Painlevé/CFT correspondence

ase

Painlevé VI

Picard solutions
@ wot =wir =wp1 =ws =0

@ parameters can be Backlund transformed to Opicard = (%, %, %, %)

@ dimensions A, = 62 correspond to Ashkin-Teller conformal block
[Zamolodchikov, '86]
2
16t~ 'q)°”
B(ePicard: a; t) = %
(1= 1)395(0|7)

: iK' (t
where q = e'™, T = iK'(1) and
K(t)

1 dx
K= /0 VIO -t2)

@ structure constants C, and parameter sg; simplify to

K'(t) = K(1 —t).

Cp ~ 274(00,¢+n)2(_S.Ot)n7 s = _ei27l'i01z
@ conformal expansion 7(t) =Y ., C,,t("Of*”)Z*‘gg*e?B(G, oot + n, t) then gives
theta function series so that finally
q"gt V3 (oormT £ o147|T)
TPicard(t) =const - — 1
t8(1—t)s 93(0J7)
(this indeed coincides with Picard tau function [Kitaev, Korotkin, '98])
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Painlevé/CFT correspondence

General case
Painlevé VI

Coalescence diagram revisited

VI A% 114 11, 1113

v 11 I

@ can easily write similar expansions for Painlevé V and Ill; >3

@ coalescence corresponds to decoupling of matter hypermultiplets

Nf =4 ng > o0 Np =3 3 >0 Nf =2 pp =0 Ng =1 w1 — o pure gauge theory
(Py1) (Py) (P1111) (P1112) (P1113)
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and isomonc
mula an
General case
Painlevé VI

Painlevé/CFT correspondence

Application to SG¢ correlator

AGT series:

, m2p2\ () +n) sc , 2,2 [Al+kl
D(mr):ngSG(qun,u +n)< 2 ) )\MzeyB)\.#(qun,y +n)< 2 )
with

14+v,1—v,14+0,1 -0
Cse (VvV/):G[ 1+v+rv,1—v—0 ]

(i—j+v)(i—j+v) (i—j-v)(i-j-v)
2 2
ex B (N =i+ i =i+ v+ v) Gien BG0d) () =i+ N —j+1—v =)

By, (vv') =

@ Holomorphic conformal blocks describe CPT expansion of massive theory!
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Conclusions

Conclusions

@ Painlevé VI, V, lll tau functions are Fourier transforms of ¢ = 1 conformal
blocks and their irregular analogs

@ AGT combinatorial formulas provide series representations for general solutions
of Painlevé VI, V, Ill and an efficient tool of numerical computation

More questions

@ connection problem for Painlevé tau functions/fusion matrix
of ¢ = 1 conformal blocks v

@ increase rank/genus/number of singular points

@ rigorous proof?
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