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The Lieb-Liniger Model

The Hamiltonian (Lieb-Liniger 1963)

Hais = / : dx [axw* (X)8xW(x) + W (X)W )W (x)W(x) — p¥i ()W (X)),
0

¢ > 0 coupling constant, 1 chemical potential, / the length of the system (& =2m = 1)

with m the mass of the particles.

W), W (] = 6(x =), W), w(x)] = [V (x), ¥ (x)] =0

Hnis = — Zaxz—i-c Z 3(xi — x;) — pn

1<i<j<n

Bethe Anstaz equations

— ks + /c .
Ii[ k ks j - 17"' 7n
s#

Energy spectrum E({k}) =3, @(k), &o(k) =k —p,
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The Lieb-Liniger model

Thermodynamics and correlation functions

Grand-canonical potential per unit length (Yang and Yang 1969):
__ T [ —=h)/T
¢(M7T)—*§/_oo Iog(1+e )dk
Yang-Yang equation:

E(k):kz—u—z—/K(k k)Iog( +e ’W)dk’.

(k) = ilog ('°+k) s lim s O(K) = s Kk —K) = S0k — K) = =2z
Temperature dependent correlation functions
> (QlojQ)e /T

<O>T: ZG_E/T )

@ Field-field correlation function: (WT(x)W(0))1
@ Density-density correlation function: (j(x)j(0))r with j(x) = WT(x)¥(x)
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The Lieb-Liniger model

Previous results

Impenetrable limit (¢ — oo)

@ Girardeau (1960); Lenard (1964),(1966); Vaidya and Tracy (1979); Jimbo, Miwa,
Mbri, Sato (1980); lts, Izergin, Korepin, Slavnov,Varzugin (1989-1993); Gangardt
(2004)

Finite coupling strength

@ TLL/CFT: Haldane (1981); Bogoliubov, Izergin and Korepin (1986); Berkovich and

Murthy (1988)

@ ABA: Bogoliubov and Korepin (1984); Izergin and Korepin (1984); Kitanine,
Kozlowski, Maillet, Slavnov and Terras (2009),(2012); Kozlowski, Maillet and
Slavnov (2011), Kozlowski and Terras (2011), Kozlowski (2011)
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Method

Integrable lattice models at T > 0: Quantum Transfer Matrix
@ Largest eigenvalue of QTM — Free energy of the system F = —kgT log Ao(0)
@ Next largest eigenvalues — Correlation lengths
Problem: The QTM does not exist for continuum models!
@ Continuum limit of the XXZ spin chain — Lieb-Liniger model (Kulish, Sklyanin
1979)

@ Yang’s thermodynamics from the XXZ spin chain QTM result (Seel,
Bhattacharyya, Géhmann, Klimper 2007)

@ Multiple integral representation for the correlation functions (Seel, Bhattacharyya,
Goéhmann, Klimper 2007; Seel, G6hmann, Klimper 2008)

General strategy: Obtain asymptotic expansions for the correlation functions of the
XXZ spin chain and take the continuum limit.
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The XXZ spin chain

The Hamiltonian: H(J, A, h) = HO(J, A) — hS,

L L
1) 1 1 1 i
©)(J,A) = J];[ oI 4 6Dl 4 A(eD oI — 1)], SZ:E;UEI)
A =cosnwith 0 < n < 7(|A| < 1); h < he = 8J cos?(n/2)

s ((SThOL 7I’q/2) L n sinh(A-f/\Sffn) ,

. J sinh
Energy spectrum: E({)‘}) = Z/n 1 90(/\/) - hé ) eo()\) sinh /\+12n/52")13|r5;1?2\ in/2) +h
Bare momentum: po()\) = ilog (%ﬂ) :
Scattering phase and kernel:

_ h(in+X) _ _ in(2n)
() = ilog (:::h /IZ A)) S K(A)=0'(A) = sinh(>\+?lnn) S 7)
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The LL model as the continuum limit of the XXZ spin chain

Continuum limit

XXZ spin chain

One-dimensional Bose gas

lattice constant § = O(€%)

number of lattice sites L = O(1/€%)

interaction strength J = 1/2
magnetic field h = O(€?)
anisotropy A = cosn = €/2 — 1
inverse temperature j3

physical length / = L§

particle mass m=1/2
chemical potential p = (;—Z + %
repulsion strength ¢ = ¢/
inverse temperature 8 = 842

_5%)

Seel, Bhattacharyya, G6hmann, Klimper (2007); O.1.P. and Klimper (2013)

Spectral parameter A =k;n=m — ¢

@ BAE (XXZ spin chain) — BAE (Bose gas)
@ One-particle momentum and two-particle scattering

Po(A) = Sk,  O(\) — —0(k),

K(X) = —5K(k),
@ One-particle energy Beg()\) — Béo(k)
© Zioz(h, B) = liMioe 3oy € PERN = Zys(1, B) = iMoo 3 4y €7 PEURD

XXZ spin chain correlators at low-T and vanishing magnetic field — temperature
dependent correlators in the Bose gas atall T
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The XXZ spin chain QTM

XXZ spin chain R-matrix:

1 0 0 0 hx
R(A M) — O b(>\a/’b) C()\a /‘l’) O b()\ /1/) SI:I!]nAh(;L-E—LI)n)
k) - sinn(/
8 C()B 1) b(/\ov 1) (1) (A 1) = seam i
L- operators:
2 2
P b
L\, —u) = Z Rps, (A, —u el 21)131 , o Lida) = Z Ra (U, el a1b1 ,
a,b,aq,by=1 a,b,aqy,by=1

u = —2iJsin nN, N is the Trotter number;

e —epa1t andel) =L 1P ® e @ TN
Monodromy matrix:

TIM(A) = Ly(A, —U)ne1 (U, N) -+ - La(\, =) 4 (U, )

The QTM:
tQTM()\) _ trOTOTM(A)
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The LL model as the continuum limit of the XXZ spin chain

The QTM spectrum and correlation functions
The eigenvalues of the QTM:

N/2 gon/2 T SINh(A = Aj — i) "N/2gon/2 T SR = A; + in)
AA) = b(U, \) H Sinh(x— ) +b(X, — H i

/oy N/2 . o .
Bethe ansatz equations: (bt(’;‘;’ff,)) =e "2, % . j=1,-.p.

Largest eigenvalue in the N/2 sector (p = N/2): F = —kgT log Ao(0)
Longitudinal correlation (m — o)

m
d)

—
(0Pl =const + Y Ae & 1 1/6% =log(Ao(0)/AP"(0))
ieN/2 sector

Transversal correlation (m — o)

(@Dl = 3 Be 57, 1/¢ =log(Ae(0)/A(0))
ieN/2—1 sector

Continuum limit (oo™ 7 — (j(x)j(0)) 75 (e Va™ )7 — (WT(x)W(0)) 7
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Bose gas thermodynamics from the XXZ QTM. |

NLIE for the auxnlary function, Integral expresion for the eigenvalue

/2 > C
”n
0
R ______________________________________
e* %%,
[ ] i [
- in/2b— ; ; >
o

o
[0) o
. (o} o
—in O o O

. 2 .
loga(A) = —Bh — ﬁsmf(‘ff'}n)"g%h = /c K(\ — 1) log(1 + a(u))d
log Ao(0) = 21 4 1 S'“” 0g(1 + a(1))du

2 27 J. sinh(p + in) Slnh(,u)

At low-T neglect the upper part of the contour; ==/ = a(\ — in/2), Klimper and
Scheeren (2003)

_ T —e(w)/T
£0) = () + o- /RK()\ ~mylog (1-+ e /) d,

log Ao(0) = 5 + 5 /Rpo()\) log (1 +e (WT) dx
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Bose gas thermodynamics from the XXZ QTM. Il
XXZ spin chain (low T)
log Ao(0) = —+—/po |og( +e W /T) dx
_ I _ —e(w)/T
) = @) + 5 /RK(A ulog (1+e /™) d

Using ¢(u, T) = (f(h, T) + h/2)/8% and f(h, T) = — T log Ao(0)

Bose gas (all T)

_ T [t —=(k)/T
éﬁ(/in)—*z?T/_oo Iog(1+e )dk
VN S I > —=(K')/T ,
2(k) = K2 — —ZF/RK(k K)log (1+e ) ak'.

Seel, Bhattacharyya, Géhmann, Klimper (2007)
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The LL model as the continuum limit of the XXZ spin chain

Bose gas thermodynamics. Numerical results

Grand-canonical potential per unit length: ¢(u, T) = — 5= [ log (1 + e /T) dk

Yang-Yang equation: £(k) = k* — u — 5 [, K(k — k') log ( + ek ) dk’ .
thermodynamics, c=2
06 ; ;
c(T), p=1 ——
C(T), H=0 ===emee
05 oM p=1 ---mm
particle density
04T e @ u<0:gas phasle‘
"""""""""" _ el
§ 03} / =70 05 1 15 2 25 3 35 4 c(T),n(T)~e T
o L @ 1 = 0 : critical value
02} c(T),n(T)~T"?
@ u>0:CFTe(T)~T
01t n(T) ~ const.
o L.
0

temperature T

Ovidiu I. Patu (ISS, Bucharest) Correlation lengths of the Lieb-Liniger Model CFIM 2013 13/25



The field-field correlator. Asymptotic behavior and numerical results

Asymptotics of the field-field correlator
Asymptotic expansion (Klimper and OIP 2013)

(W (x)w(0))r ZB e ., X—o00

Correlation lengths

1 _ 1 1+e—V'kT dk — ik p -
O]~ an .09 T emmrr Io—lz +/Z

r r
V,'k:sz,u:l:l'ﬂ”T+iT§k7ko +iTY Ok — Kk —iT 0(k— k-
J J

= =

T (= —Vi(K')/T /
- 7T/RK(k k)log(1+e )dk

2r 41 parameters: ko and {k;"}7_; ({k;" }/_1 ) upper (lower) half of the complex plane;
plus (minus) sign when kg is in the first (second) quadrant

_ T(kE
1 4 g Vitk)/T — 0, 1+ e Vil /T _q.

At low temperatures: ky can dive under the real axis; indented contour such that ky is
above it
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Field-field correlator (WT(x)W(0))r: Leading term |

Correlation length

1T 1 14 e V/T .
O~ 2,9 <1+e<k>/r ok~ ko
NLIE

V(K) = K — i+ in T + Tk — ko) — - / K(k — K')log (1 + e*Wk')/T) ak’
27 Jr

@ 11> 0: ko is located in the upper half-plane at intermediate and high
temperatures, at low-temperatures located in the lower half-plane

@ 1 < 0: ky is imaginary
CFT (1> 0)

Wt )w(0) r = B (TUVF))&Z LY B (ﬂ) ezt

sinh(7 Tx/vr B sinh(7 Tx/vg)

Ovidiu I. Patu (ISS, Bucharest) Correlation lengths of the Lieb-Liniger Model CFIM 2013 15/25



Field-field correlator (WT(x)W(0))7: Leading term II

1 hole, c=2
25
| @ 1 < 0:gasphase
1/¢(T) finite
15
= @ p = 0: critical value
) 1 d 1/¢(T) ~ T2
/‘,,,,,/ . ’u > O : CFT
/ ~ T _1_
05 et — | 1/6(T) ~ 5
' V&, u=0 --------
0 I , 1€, p= g —
0 2 4 6 8 10

temperature T
Impenetrable limit (¢ — o0): Its, Izergin and Korepin (1993)

w)/T
; 27r fJR log (e“‘z ,4)/T+11) dk + /|l u<0

m/T 1
<k2 w)/T_q

fm log | £

dk, u>0
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The density-density correlator. Asymptotic behavior and numerical results

Asymptotics of the density-density correlator

Asymptotic expansion (Kozlowski, Maillet and Slavnov 2010)
(J(x)i(0))r = const+ 3" Aie €U, x oo,
i

Correlation lengths

1 1 1+eﬂf yT

Ti(k) = K? — p+ iTZr:E(k — k") — iTzr:E(k ~k)
=1

j=1
T [ / —T(K') /T g
- 7T/RK(k—k)mg(we )dk
The 2r parameters, {k"}/_ ({k; }j=1) are located in the upper (lower) half of the
complex plane and satisfy the constraint

=k
1_,'_6*”1(’(]- )/T:0
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The density-density correlator. Asymptotic behavior and numerical results

Density correlation function (j(x);j(0))r: Next-leading term |

Correlation length

11 14 e UR/T S
ECI 27r/'°9<<k>/r ok — k™ + ik,

NLIE
E(k):kz—u-|-/T0( k+)—IT9(k k™ /K(k k)|og( + e k)/T) dk’
T CFT expansion
" (TZ/ve)?
. . . Z Vg
> (()0)) 7 = (ONF + ———5

P R 2sinh?(7 Tx/ve) By

2Z
e (sinh(ﬂx/vp)) +
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The density-density correlator. Asymptotic behavior and numerical results

Density correlation function (j(x);(0))r: Next-leading term I

1 particle, 1 hole, c=2

6
VE, p=1 ——
VE, =0 wmemeee e
5 N
e @ 1 < 0:gas phase
4 e 1/¢(T) finite

@ n = 0: critical value

8
5 3 7 1/6(T)~ T2
6
, . @ 4 >0:CFT
*T =2
4 1/€(T) ~ ZTFTZ
1 2 2ke oscillation
. 1,
0 ‘ o
0 05

temperature T
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The density-density correlator. Asymptotic behavior and numerical results

Density correlation function (j(x);j(0))r: Next-leading term Il|

Low-temperature

1/6(T) ~ %zz, ke(T) ~ 7n(T)

no smooth behavior of n(T)/Ke(T)

1 particle, 1 hole, c=2

0.18
0.16 b
0.14 R
0.12 b

0.1} ]

0.08

n(T)/2k¢(T)

0.06
0.04
0.02

temperature T
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Density correlation function (j(x)j(0))r: Leading Term |

Correlation length

1 1 14 e ulk/T L

NLIE
Uk) = K® — pu+iTO(k — k™) — iTO(k — k™) — I / K(k — k') log (1 + e*W’)/T) dk’
27 Jr
Fy CFT expansion
® Kkt _
CoN . TZ/ve)?
, X)) 1 = GO + - L)
— ((4(0))r = ()7 2 Sinh? (= Tx/vF)
® k™ 2P Z?
5 2ixke wT/Ve
+ /ezzj* Are (sinh(wa/VF))
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Density correlation function (j(x)j(0))r: Leading Term Il

Leading term: crossover from non-oscillating to oscillating behavior at higher T

1 particle, 1 hole, c=2

@ 1>0:CFT
~ 2rT
1/6(T) = 5
o pu>0andpu=0
crossover

18

temperature T

@ Atlow-T (u > 0) we have kt = (k™)*

@ At high-T (1 > 0) two solutions with the same correlation length and different k*
which are not complex conjugate
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The density-density correlator. Asymptotic behavior and numerical results

Similar phenomenon: The XXZ spin chain

The XXZ spin chain (no magnetic field) cosmn = —A € (0, 1) (Fabricius, KIimper and
McCoy 1999)

r\> \

L
Z[ oI oo 1+ APol ™~ 1)]

At zero temperature

c(a)
mt'/n

(1) _(mt1) L1 "
<O'z Oz >T:0 7r217m2 ( )

At finite temperature
m+1 0 m
(o2 ZA (/\0 0 )
@ T < T.(A) leading A;(0)/Ao(0) real > 0,A; <0
@ T (A) < T < Ty(A) leading A;(0)/Ao(0) and A; complex
@ T.(A) < T leading A;(0)/Ao(0) real > 0,A; >0
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The density-density correlator. Asymptotic behavior and numerical results

Future plans

Same method can be employed to obtain an efficient thermodynamic description of
multi-component Bose and Fermi gases (Klimper and OIP, 2011)

@ Correlation lengths for the 2 component Bose gas (partial results for the gas
phase)

@ Correlation lengths for the 2 component Fermi gas (attractive and repulsive)
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The d density correlator. Asymptotic behavior and numerical results

THANK YOU !
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