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Algebraic Bethe ansatz approach to correlation functio

@ Correlation functions in the ABA framework: first results
determinant representation for scalar products of Bethe states (Slavnov)
+ solution of the quantum inverse problem

~~ determinant representation for form factors in finite volume
~» elementary building blocks of correlation functions as multiple sums
in finite volume and as multiple integrals in the thermodynamic limit

© Two-point function: sum up elementary blocks or form factors

~~ Master equation representation for the finite chain: N-fold multiple
integral representation for the correlation function in finite volume
© Asymptotic analysis of the two-point function

~~ from the Master equation
~ from the series over form factors

Method essentially developed for XXZ chain or Quantum Bose gas
What about more complicated models ?
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XYZ Heisenberg chain and 8VSOS model

A natural generalization of the XXZ Heisenberg chain is the XYZ chain:

N
X X z z
Hyyz = E {JXO'mUm+1 + Jyaymaiﬂ_l + JzamamH}

m=1

related to the 8-vertex model:

€
2-d square lattice model i ! .
link — ¢; = + RSV(21/22)2:Z = 2 2 z
vertex — Boltzmann weight ¢
Z1
a(z; p) 0 0 d(z; p) z = spectral parameter
v 0 b(z;p) c(z;p) 0 p = elliptic parameter
R%(z) = -
0 c(z;p) b(z;p) 0 a, b, c,d = elliptic
d(z; p) 0 0 a(z; p) theta functions of z

No charge conservation through a vertex — no direct Bethe Ansatz solution
Baxter's solution (Ann.Phys.73) — map onto an IRF model (8VSOS model)
eigenstates of 8V model given in terms of Bethe eigenstates of 8VSOS model
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8VSOS model

!

2-d square lattice model s ! s+ €
vertex — local height s; €iej _ _ !
sj — sk = £1 (adjacent) R(ui = &is). € Sep-y
face — Boltzmann weight 7 S+€it €
g s+e¢ % 7s+€ie
b(u;s) = L
1 0 0 0 [s][u+1]
[s+u][1]
0 b(u;s) c(u;s) 0O c(u;s) = [slfe+1]
R(u;s) =
0 c(u;—s) b(u;—s) 0 u = spectral parameter
0 0 0 1 s = dynamical parameter

[u] = 6i(nu;7)  p=e€"""
satisfying the Dynamical Quantum Yang-Baxter Equation:
Ri2(ur — w2; s + h3) Ruz(ui;s) Roz(uz;s + hy)

. 1
= Ro3(u2; 5) Rus(ur; s + ho) Rio(un — w3 s)  with h= (0 fl)

Charge conservation, solvable by Bethe Ansatz
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ABA for the 8VSOS model

Felder, Varchenko (1996) : representations of E; ,(sh)

@ Monodromy matrix:

Toq. . n(ui&, .. én;s) = Ran(u—&En;s+hi+ -+ hy—i1) ... Ra(u — &155)
A(u;s)  B(u;s) 5
a (C(u;s) D(u;S))[a] € End(C" & H)

~ « (AW B\ ., (& 0 2
T(u)-( ) b >[a]_T(u,s) (O A_1>[a] € End(C°®Fun(H)),

TS
where 755 = (54 1) 7s , and the action of 5 and 75 on functions
f € Fun(H) are given as [sf](s) = sf(s), [Tsf](s)=f(s+1).
o Transfer matrix: t(v) = ﬁ(u) + B(U)

~~ preserve the space Fun(H[0]) of functions of the dynamical parameter
s with values in the zero-weight space H[0] of H

~  [t(u),t(v)] =0 on Fun(H[0])
@ Space of states: functions ¢ : s +— (s) € H[0]

e unrestricted case (n generic): s € Cy = {so +j,j € Z}
e cyclic case (n = r/L rational): s € C's'0 ={so+/,j €Z/LZ}
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o reference state: |0) =@}, (; )D]

A(u;$)[0) = a(u)|0),  D(u;5)|0) = Egiyd(u)[0)
@ Bethe states: Suppose that the set of spectral parameters {vi,..., v,},
satisfies the system of Bethe equations

VJH[V/7VJ+1] ( rk 72 H[Vji‘ﬁ{kl], J=1...n,

o vl o vl
with N = 2n+ kL (k € Z) and w" = (1) (for n = r/L), then the states
[{v},w) :s— pu(s) B(vi;s)B(va;s —1)...B(va;s —n+1)|0),
{v},w|:s—(0[C(va;s—n)...C(va; s —2)C(va1;5 — 1) u(s),
with . (s) = w*[1], %, Pu(s) =w™ HJ'-';OI [S[T]j],
are eigenstates of the transfer matrix
[t(u) [ {v},w)](s) = A(u;s) [{v},w)(s + 1) + D(u;s) [{v},w)(s — 1)
=7(u; {v},w) {v},w)(s),
[({vhwltw)](s) = ({v}wl(s = 1) A(u;s — 1) + ({v},w|(s +1) D(u;s+1)
T(ui {vhw) ({v}hwl(s),

with eigenvalue

rlus (vho) = w o) [T Tyt g [T 1L
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Scalar product of Bethe states

{v},w,) in a compact and manageable form ?

Compute ({u},wy

@ for XXZ:

o d determinant representation for the scalar product when one of the
state is a Bethe eigenstate (Slavnov, 1989)

o this representation is related to lzergin's determinant representation
for the partition function with domain wall boundary conditions:

_ sinhn
Zu({u}i{€}) oc detn sinh(u; — &) sinh(u; — & + 1)
o for SOS:

@ no single determinant representation for the partition function
with DWBC (Rosengren; Pakuliak, Rubtsov, Silantyev)

S e s) o Cpysibts IS [ — 6+
AT P DR T Il ey
. _J&—1 if kes ,
with & = {fk fkes (v arbitrary).

Correlation functions of the SOS model from ABA - Dijon 2013



Scalar product of Bethe states

Let {u},w, be solution of the Bethe equations and {v},w, be arbitrary, and
consider the quantities:

@ ‘“partial scalar product” (depending on the value of the height s):
So({u}; {v};is) = (0|C(un;s—n)...C(u1; s—1)B(v1;s) ... B(va; s—n+1)|0)

~~ can be computed from Rosengren’s formula for the partition function
with DWBC using the expressions of B and C in the F-basis (Maillet,
Sanchez de Santos 96; Kitanine,Maillet,V.T. 99; Albert et al. 00)

~~ sum of determinants

@ “total scalar product” (cyclic case n = r/L rational):
1 -
{uhwo {vhw) =7 D Guul(s)eu(s) S{u}i {v}is)
s€sp+Z/LL
~» The “total scalar product” (and the norm) can be expressed as a

single determinant

Remark. The partial scalar product is not a scalar product of Bethe-type
states (function s instead of ¢u,, Pu,)
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Computation of the partial scalar product (1)

So({u};{v};s) =(0|C(up;s —n)...C(u1;s —1)B(v1;s)...B(va;s —n+1)|0)

=(0|C(un;s—n)...C(ur;s —1)B(vi;s)...B(va;s — n+1)|0)

where C and B stand for the expressions of C and B in the F-basis (Maillet,
Sanchez de Santos 96; Kitanine,Maillet,V.T. 99; Albert et al. 00) :

B(u;s) = Fin(s) B(u;s) Fi 'y(s — 1)

[b=¢j]
[s —1] ZN:J_, [1[s + > 1 b+ u—& 2 ([u@il] 0 )
Ul

_ — o ® lej—&+1]
[s+h.n] =" [s+ 2, hlu—&+1] 7 0 6-¢]

Clu;s) = Frn(s) B(u;s) Fi ly(s +1)
Z il —ut&] pel e O
[s]lu— & + 1] j% 0 h| .

1] j#i 1
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Computation of the partial scalar product (I1)

~ computable by recursion:

Consider

G (uhi{w,.. w}s)

:(O\&(un;s—n)...C(ul;s—l)é(vl;s)...E(vk;s—k—i-l) [Chsty ooy ln)
—_——

state vyiﬁh n-k "-" spins
such that at positions £y ... 4p
° Gel, ,{u}i0:5) oc Zo({u}i{&y )i 5)

O({u}i {v}is) = Sa({u}i {v}is)
G ..... o, vdis) = S0 GETY, ({uhi{wv.. . vicabis)

Lk FLkt1s--5ln

X Uiy o |B(vi;s — k + 1) liya, ., L0,

easy to compute in the F-basis

~ recursively modifies Rosengren’s sum over determinants (at each step, use
of Bethe equations for {u},wy)
~~ results into additional sum over subsets of 1,...,n
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“Partial” vs “total” scalar products

@ ‘“partial scalar product” (for generic 7):

Sl {vhi9) = F(uh, (hms) 3 (-ayss Does= 814151

$,5C{1,....n} [s — S| + 1511
- [i =&~ +1]
xH{d(V)H[UtVJ+l]}1;£{ H[Utvjl]}detnw

&—1 if keSand k¢S
with €° = &+1 if k¢ Sandke § (v arbitrary).
&k otherwise
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“Partial” vs “total” scalar products

@ ‘“partial scalar product” (for generic 7):

Si{uli (vhis) = F({uh Dvhoms) 3 (cayitetst ks — 114 1S

$,5C{1,...,n} [s — S| + 1511
= [ui — J$§+“/]
XH d(v)H[Ut*VJ+1] g Wy tl:[l[Ut*Vj 1] detnm

&—1 if keSand k¢ 5
with §° =0 &+1 if k¢ Sandke § (v arbitrary).
&k otherwise

@ ‘“total scalar product” (cyclic case n = r/L rational):

(Wheonl (ho) = 1 32 pul) (9 Sul{uh: (419

~+ the s-dependence can be 5|mpI|f|ed for v = —|u| + |v|:
Wy

Boul($) e (5) F({u}, Avh vl = Jul, ) = (24) F({u} {v))

~~ the sum over s can be relabelled:

wo\ Db s = ISI4ISI] _ ey o= wy [y + 5]
5€S§/LZ <“’““> [s— S|+ ‘SH <w”) sgsozﬁ;/m(”“) [s]
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“Partial” vs “total” scalar products

@ ‘“partial scalar product” (for generic n):

Su{uli (vh9) = F({uh hs) 3 (caystst bors— 1S+ 151

$,5C(1,...,n} [s—ISI+150]
n I o 5§
X H{Z((‘;J)) H[Ut — \G+1]}H{w;2H[ut -V — 1]}detn w
¢S / 1 t=1
(&% -1 if keSandk¢$5
with £7° =

= bl — 9]
&+1 if k¢Sandkel (v arbitrary).

&k otherwise

@ ‘“total scalar product” (cyclic case n = r/L rational):

1 wy, s tq d(ur) - det, [, ({u}; {v
{ulwu [{v} w) = {L > Eh[—:] ]} i Hi<k)[“j*“£][vf{*ij]{ i)

SEsg+Z/LZ

with v = —|u| + |v| and

[ ({u}: (v))], = 1{[Ui —vityl wu-vta+t 1]} a() [ Jlee — v +1]

DI [w vl wy  [ui— v +1]
+1{[ui[_ vj +"//] _ wf“ [LI,' — Vi +’Y _ 1]} w;2d(\/j)H[Ut - V= 1]

(| [ui—v] wy  [ui—v—1]
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“Square of the norm”

1 H::l d(ue)

<{u}va ‘ {u}7wU> = (_[O]I)n Hj;ék[uf _ Uk]

0
- det, {ﬂywu(uj‘{u})}
where

Yo(vi{u}) = a(v) [ Jlue — v + 1] + w2d(v) [ Jlue — v — 1]

1 Ly a(ud)d(ue) TT5 e [u — uk +1]

<{u}7wu|{u}7wll> = (7[0]/)!1 Hj#k[uj* Uk]

- det, [¢({u})]

where .,
[o({u})]; = 50{ log’ S(U:‘) +) K(ui— Ur)} — K(ui = up),

b—1]" [u+1)

with  K(u) = D=1 [t

Remark. The expression does not depend on L
— valid for generic n
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“Partial” scalar product for n = r/L

The partial scalar product is not a scalar product of Bethe-type states (function ds
instead of @u,, Yw, ):

Si{uyi{viis) = > 6:(3) Sa({u}i {v}:3)
s€sg+Z/LL
However, in the rational case 7 = r/L, the space of discrete, L-periodic numerical
functions of s is L-dimensional with a basis given by functions of the type @., ¢¥uw

~~ partial scalar product can be expressed as a sum of L determinants

This can alternatively be seen by means of an identity for theta functions:
[LU +v+ k%]L [O]IL

[ + Fy] O] 2minku
Z k [Lu], [y + k%]L

ith = L
Wbl with [u], = 61(nu; LT)
applied to u =5 — |S| +13]:
[Lso +~ + k7], [0];,

= L—1
[y +s—IsI+I150 _ S errinkalsi+S)
B [Lso], [y + k,i,]L

[s —ISI+150]

k=0
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“Partial” scalar product for n = r/L

[Lso +~+ k7], [0];

~ L—1
M o ZeQWi'r]k(sf\sH"g‘)
- [Lso], [y + k%]L

[s —ISI+150

Sn({u};{v};s) x 1 |5\+\§\[’Y-|'5——|5\+~|§|]
e S,EC%;..,n(} ! [s — IS+ S]]
., g
XH{d(”H[Ut—VJH]}E{ H[”t_v’_l} lles — €59

can be rewritten as

[Lso+W+Z 1. [0])

QO 1y
ol v ez, ot [ (Ll b)),

Su({u}i {v}is) o Z 5

with g = €*™ and [u], = 61(nu; LT), and

[ ({u}: {v})], = M{Wq“”’”f”*”}amﬂlutwu

uj = vj] [ui — v +1]
(O  Jlui—vi+9]  elw—vity =11 2 1, v
" ] { [ui = vj] q9 [u — v; — 1] } o d( J)g[t i — 1].

cf. Rosengren’s formula for Zy at n =r/L
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Determinant representation for finite-size form factors

solution of the quantum inverse problem:

£+ =[]0 Ae) - [ &)

1

£ =[] #e) - Be) T [ite) ™

~~ express form factors in terms of scalar products

These are not a priori scalar products of Bethe-type states but the
s-dependent part can again be simplified !

~> representation in terms of determinants:
i—1
z T(gk', {U},u}u) 1 —s s [7 + 5]
us,wy|o; Vi, Wy ) = Y Y 7 Wy Wy
kel e {Hﬂfkv{v}?wv) L2

Hled(uf) o o) — e Tl
e S ety [, (0 1) 2P (s (1)

with v = |v| — |u| and Py ({u}; {v}|&) is a rank 1 matrix

Remark. The s-dependent part can no longer be simplified if acting with
several local operators ~~ more complicated formulas
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Generating function for two-point function

o (uhwe| O] (U}
Qi) = 0 o [ () oa)

where | {u},w, ) is a ground state of the transfer matrix, and

K T(l+k  1-k , L 2
t= 1T (5 + 25507 ) = 11 (6 + w6?)
j=1 j=1
~> it gives the probability that two sites on a same vertical Iine at distance m

have a difference of height ¢ < m (given by the coefficient of 275 of the

k-polynomial (1)) )

@ solution of the quantum inverse problem: Q1 m H te (&) H ,)}
with ., = A+ IiD i=m
@ for n = r/L and L large enough, the eigenstates |{v}. ,w,) (for n = N/2)
of T (u) form a complete basis of the space of states Fun(#[0])
(Felder, Tarasov & Varchenko 96)
@ sum over form factors:
Q= 3 {u}, wu [ {vhe,wv) ({vhe, wv [Qfm| {u}, wu)
T, Qube o w) (v o [{v w)

7 (&is {v}o wv) {ubwu[{vh,wv) {v]ewv [{u}, we)
V}Zu H (& {utwa)  {ul,wu | {ul wu) {vhwe | {v],wy)




Master equation for the generating function

~~ use determinant representation for scalar products
~> replace sums by contour integrals:

ey MO s~ dz rnidzhe)
(1 m) = a2 Z }g (2im)" H (& {u}, wu)
“ () -

ws[vz—&-s]}{ wf,[—vz-&-s]}
X —_— —_—
{Z 4"l

| deta [, ({u} {z}[{u})] - detn [9%), ({z}; {u}{z})]
det, [@yl;wu(ujv {u})} ' HJ,']:1 y’i‘:w(zj; {Z})

(2)

with v, = |z| — |ul.

The sum in (2) is taken over all w € C such that (—=1)"w" =1, and the
integration contour is such that it surrounds (with index 1) all poles
corresponding to solutions {v}, with n = N/2 of the k-twisted Bethe
equations associated with w
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Going further: local height probabilities

What about explicitly height-dependent quantities such as (multi-point) local
height probabilities ?

_ (Wg|ds EPV . ERmom | W)
Por,an(s) = ( > ) (W [Wy)

[Vg)

= probability to find a sequence of heights
s,st+ai,start+az...,start+ax+- - +anm
on m successive sites of a given vertical line of the lattice

~ acting with local operators on the ground state | W, ), one obtains a new
state (which is no more of Bethe type)

~~ multiple sums over partial scalar products

~» additional complexity with respect to elementary building blocks of XXZ:
extra sum (L terms) + deformation of the determinant

L=t dety [®7 %,
Poson(8) = D Glan(Si v 141 D@l () de[t [(;({}(}{)]})]
{bp} £=0 "
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To be continued. ..

@ Summary of the first part (this talk)

* Partial scalar product as sums of determinants for generic 1 (can be
reduced to a sum of L terms for n = r/L)

* Determinant representation for scalar products/ “norms” of Bethe states
(n=r/L)
Determinant representation for finite-size form factors (n = r/L)
Master equation for the generating function of the two-point function
(n=r/L)

% Local height probabilities as multiple sums of ratios of determinants (a
priori more complicated structure than in XXZ)

@ Second part: Damien’s talk tomorrow
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To be continued. ..

@ Synopsis of the second part (Damien’s talk tomorrow)

~~ computation of several physical quantities for the cyclic SOS model at the
thermodynamic limit (n = r/L, N — oo, L remains finite)

* description of the 2(L — r) degenerated ground states at the
thermodynamic limit

* thermodynamic limit of the o form factor
~+ computation of spontaneous staggered polarizations (proof of a
conjecture of Date et al.)

* one-point local height probabilities at the thermodynamic limit
~~ coincides with results of Pearce and Seaton

* multi-point local height probabilities for CSOS model at the
thermodynamic limit ~» multiple integral representation:

Pesy.an(s) = ]| (

[ dzj> Goron(5: {21 (D)

J
algebraic part

< Sm({z}:{€}) - P(s,|z| - [¢]) ,

determinant contribution  deformed 1-point LHP

Do not miss Damien’s talk tomorrow!



